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Abstract
Quantum teleportation with a two-qubit state can be suitably characterized in terms of
maximal fidelity and fidelity deviation, where the former is the maximal value of the average
fidelity achievable within the standard protocol and local unitary operations, and the latter is
the standard deviation of fidelity over all input states. In this paper, we characterize the two-
qubit states that are optimal for quantum teleportation for a given linear entropy, maximum
mean value of the Bell-CHSH observable, and concurrence, respectively, where the optimal
states are defined as those states that, for given value of the state property under consideration,
achieve the largest maximal fidelity and also exhibit zero fidelity deviation. We find that for a
given linear entropy or Bell-CHSHviolation, the largest maximal fidelity states are optimal, but
for a given concurrence, the optimal states form a strict subset of the largest maximal fidelity
states.
1 Introduction
Quantum teleportation [1] is a fundamental protocol to transmit quantum information using
shared entanglement and classical communication. While perfect teleportation requires maxi-
mally entangled states, the available states are typically noisy because of the interactions with
local environment. The standard figure of merit for quantum teleportation is the average fidelity
[2, 3, 4, 5], which is a measure of the expected closeness between the input and the output states.
The average fidelity is a pretty good indicator of howuseful a given entangled state is for quantum
teleportation but gives no information on fidelity fluctuations. Such fluctuations can be appropri-
ately quantified by the fidelity deviation, which is defined as the standard deviation of fidelity
over all input states [7, 8]. The notions of average fidelity and fidelity deviation are completely
general and apply to quantum teleportation in any finite dimension, although in this paper, we
restrict ourselves to quantum teleportation with two-qubit states.
For a two-qubit state, the maximal fidelity [2, 6] is the maximal value of the average fidelity
achievable over all strategies within the standard protocol supplemented by local unitary opera-
tions and is given by a simple formula, first derived in [2]. A protocol that achieves this maximal
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value is said to be optimal. Fidelity deviation, however, is something one would like to mini-
mize but not at the expense of maximal fidelity, as pointed out in [9]. The authors argued that
a protocol that achieves the minimal fidelity deviation is not guaranteed to achieve the maximal
fidelity; hence, one should compute fidelity deviation only for optimal protocols; in particular,
they obtained an exact formula for the fidelity deviation in optimal quantum teleportation [6]
with a two-qubit state. They further showed that fidelity deviation is nonzero for generic two-
qubit states, but there exist states, other than maximally entangled andWerner [8], with vanishing
fidelity deviation.
While the maximal fidelity indicates how well, on average, an input state is teleported, the
fidelity deviation is a measure of dispersion. But considered together, the ordered pair is expected
to serve as a better performance-measure, one which is more effective than maximal fidelity alone.
For example, consider the problem of selecting the best performing states from a given set of states
having the same maximal fidelity. Now as far as fidelity is concerned, all states are equally good
for quantum teleportation but note that, fidelity deviations of the states would vary in general.
Because we want fidelity deviation to be as small as possible, the best performing states are clearly
those with the minimum fidelity deviation. In fact, it has been shown [9] that within a set of states
having the same maximal fidelity, larger than the classical bound, one can always find states with
zero fidelity deviation. Here we take this idea forward and apply it to a more general setting.
The motivation of the present work stems from the fact that, while two-qubit states can be
characterized by physical properties such as purity, entanglement, etc., they can also be character-
ized in terms of operational properties that demonstrate their ability to perform some quantum
information processing task, e.g. quantum teleportation, and it would be interesting to establish
possible connections between these two types of properties in a well-defined problem. In this pa-
per, we consider the following state properties: purity, Bell-nonlocality, and entanglement, with
the respective measures being linear entropy L [10, 11], the maximum mean value B of the Bell-
CHSH observable [12], and concurrence C [13] and ask the following question: Which two-qubit
states are optimal for quantum teleportation for a given L, B, and C, respectively?
Let us now explain the problem in more detail. Consider a state property with a well-defined
measure P and fix P = P . The aim is to characterize the two-qubit states that are optimal for
quantum teleportation for the given value P . To define the optimal states, we proceed as follows.
Denote the set of all two-qubit states with P = P by S (P). This set is defined as
S (P) = {ρ|P (ρ) = P} . (1)
Now define the largest maximal fidelity
FP = max
ρ∈S(P)
Fρ, (2)
where Fρ denotes the maximal fidelity of ρ and the maximum is taken over all states in S (P). Let
us denote the set of states with Fρ = FP by S (FP |P). Now it might be the case that for the given
value P , FP does not exceed the classical bound, which is 23 for qubits [4, 6, 15]. Clearly, such
states are not useful for quantum teleportation, and we shall therefore disregard any such value
or values of P from our consideration. In fact, we will see that such a situation arises for linear
entropy.
Let us now assume FP > 23 . Now the set S (FP |P) contains only those states that achieve the
largest maximal fidelity FP . From our earlier discussion we know that such a set always contains
states with zero fidelity deviation. We call such states optimal, and they form a subset of S (FP |P),
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and our results show that the set of optimal states is not always a proper subset of S (FP |P). To
summarize, a given state ρ ∈ S (P) is optimal if and only if Fρ = FP and ∆ρ = 0, where ∆ρ denotes
the fidelity deviation of ρ. Note that, the definition of optimal states is completely general and
holds for any physical property with a well-defined measure.
The main results obtained in this paper are the following:
• We characterize the two-qubit states that are optimal for quantum teleportation (in the above
sense) for a given L, B, and C, respectively. For purity and Bell-nonlocality, we identify the
largest maximal fidelity states by solving constrained optimization problems. Interestingly,
in both cases we find that the states with the largest maximal fidelity have zero fidelity
deviation (the converse is not true in general); hence, they are optimal. In other words,
the set of optimal states is identical to the set of largest maximal fidelity states in these two
cases. For concurrence, however, a similar approach to obtain the largest maximal fidelity
states fails to work (explained later). So here we take a different approach, where we make
use of the results in [17] to identify the set of optimal states. In this case we find that, unlike
linear entropy and Bell-CHSH violation, the optimal states for a given concurrence form a
strict subset of the states with the largest maximal fidelity.
• We provide the necessary and sufficient conditions a two-qubit state ρmust satisfy so that it
is optimal for quantum teleportation for P=P (ρ), where P ∈ (L, B,C).
For our analysis, we rely on the the canonical representation [6, 9] of a two-qubit state, which is
known to be quite useful in studying two-qubit nonlocal properties [2, 4, 6, 12, 14]. The canonical
form is related to the Hilbert-Schmidt representation [2, 4, 6, 12, 14] of a two-qubit state via an
appropriate local unitary transformation [6] and can be described with fewer state parameters.
Note that, there is no loss of generality in employing the canonical form for our studies as the
properties that we consider are invariant under local unitary transformations.
The rest of the paper is arranged as follows. In Section 2 we review the necessary definitions
and concepts that we require for this paper. In particular, we review the Hilbert-Schmidt decom-
position and the canonical form of a two-qubit density matrix, discuss the notions of maximal
fidelity and fidelity deviation, and summarize the relevant formulas. The main results are derived
in Section 3, and we conclude with a short discussion in Section 4.
2 Preliminaries
Hilbert-Schmidt representation and the canonical form
The Hilbert-Schmidt decomposition of a two-qubit density matrix ρ is given by [2, 12, 14]
ρ =
1
4
(
I ⊗ I + R · σ ⊗ I + I ⊗ S · σ +
3
∑
i,j=1
Tijσi ⊗ σj
)
, (3)
where R and S are vectors in R3, R (S) · σ= ∑3i=1 Ri(Si)σi, and Tij = Tr
(
ρσi ⊗ σj
)
, i, j = 1, 2, 3 are
elements of a real 3× 3 matrix T (the correlation matrix).
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Let t11, t22, t33 be the eigenvalues of T. One can show [4, 12, 14] that there always exists a
product unitary operatorU1⊗U2 that transforms ρ → ̺, where ̺ is T−diagonal. In particular,
̺ =
1
4
(
I ⊗ I + r · σ ⊗ I + I ⊗ s · σ +
3
∑
i=1
λi |tii| σi ⊗ σi
)
, (4)
where λi ∈ {−1,+1} and
r = O1R,
s = O2S,
T̺ = O1TρO
†
2,
for unique 3× 3 rotation matrices O1 and O2 obtained via
Uin · σU
†
i =
(
O†i n
)
· σ i = 1, 2. (5)
One can further choose U1 and U2 such that (a) if detT ≤ 0 then λi = −1 for |tii| 6= 0, i = 1, 2, 3;
(b) if detT > 0 then λi,λj = −1, λk = +1 for any choice of i 6= j 6= k ∈ {1, 2, 3} satisfying
|tii| ≥
∣∣tjj∣∣ ≥ |tkk|. The transformed state ̺ is defined as the canonical form of ρ [6, 9] 1.
Teleportation fidelity and fidelity deviation
The average teleportation fidelity (average fidelity) for a two-qubit state ρ is defined as [2]
〈
fρ
〉
=
ˆ
fψ,ρdψ, (6)
where fψ,ρ = 〈ψ |ς| ψ〉 is the fidelity between an input-output pair (|ψ〉〈ψ| , ς), and the integral is
over a uniform distribution dψ (normalized Haar measure,
´
dψ = 1) of input states ψ = |ψ〉 〈ψ|.
Unless stated otherwise, the average fidelity is computed with respect to the standard protocol
[1]. Note that, 23 ≤
〈
fρ
〉 ≤ 1 , where the equality 〈 fρ〉 = 1 holds if and only if ρ is maximally
entangled.
The fidelity deviation is defined as the standard deviation of fidelity over all input states [7, 8,
9]:
δρ =
√〈
f 2ρ
〉
− 〈 fρ〉2, (7)
where
〈
f 2ρ
〉
=
´
f 2ψ,ρdψ. Note that,
δ2ρ ≤
〈
fρ
〉− 〈 fρ〉2 = 〈 fρ〉 (1− 〈 fρ〉) ≤ 1
4
.
Thus 0 ≤ δρ ≤ 12 , where δρ = 0 iff fψ,ρ =
〈
fρ
〉
for all |ψ〉. The fidelity deviation is a measure of the
fluctuations in fidelity.
1This definition, taken from [9], differs from that of [6].
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Maximal fidelity and fidelity deviation
For a given two-qubit state ρ, themaximal fidelity Fρ is defined as themaximal value of the average
fidelity obtained over all strategies within the standard protocol and local unitary operations [2, 6].
It can be shown that [6]
Fρ = F̺,
=
〈
f̺
〉
,
where ̺ is the canonical representative of ρ. The equality Fρ =
〈
f̺
〉
indicates an optimal strat-
egy that consists of two steps: first, perform the transformation ρ → ̺ using an appropriate local
unitary operation to bring the given state to its canonical form, and then use ̺ for quantum tele-
portation following the standard protocol [6].
The fidelity deviation corresponding to the optimal protocol mentioned above is defined as
∆ρ = δ̺ [9]. In general, the minimum of δρ, where the minimum is taken over all local unitary
strategies, is not the same as ∆ρ. While it is possible to minimize δρ over all local unitary strategies,
such strategies might not always achieve the maximal value Fρ. So, purely for physical reasons,
the definition is an appropriate one (for details, see [9]).
The stateswith vanishing fidelity deviation are of special interest. Such states are said to satisfy
the universality condition [7, 8, 9]: the condition that all input states are teleported equally well.
For example, maximally entangled states and Werner states [8] have this property, but there also
exist other states that are universal (for a detailed discussion on the universality condition and
other examples see [9]).
Definition. A two-qubit state ρ is useful for quantum teleportation iff Fρ >
2
3 [2, 4] and universal
iff ∆ρ = 0 [9].
The useful and universal conditions can hold independent of each other. In particular, a state
can be useful but not universal, and vice versa. The necessary and sufficient condition for a two-
qubit state to be both useful and universal is given in [9].
The results in [2, 6, 9] have established that both Fρ and ∆ρ are functions of the eigenvalues
of the T matrix. The table below summarizes the formulas and the conditions under which they
hold [6, 9]:
ρ Fρ ∆ρ
detT < 0 12
(
1+ 13
3
∑
i=1
|tii|
)
>
2
3 iff
3
∑
i=1
|tii| > 1 13√10
√
3
∑
i<j=1
(|tii| − ∣∣tjj∣∣)2
detT = 0 12
(
1+ 13
3
∑
i=1
|tii|
)
≤ 23 13√10
√
3
∑
i<j=1
(|tii| − ∣∣tjj∣∣)2
detT > 0 12
[
1+ 13 max
i 6=j 6=k
(|tii|+ ∣∣tjj∣∣− |tkk|)
]
≤ 23 min
i 6=j 6=k
1
3
√
10
√(|tii| − ∣∣tjj∣∣)2 + (|tii|+ |tkk|)2 + (∣∣tjj∣∣+ |tkk|)2
Let us briefly summarize the important points:
• A two-qubit state is useful for quantum teleportation iff ∑3i=1 |tii| > 1 [2]; if a state is useful
then it also has the property detT < 0, but the converse is not true in general, for example,
there exist entangled states with detT < 0 but for which ∑3i=1 |tii| ≤ 1 [9].
5
• Not all entangled two-qubit states are useful in the sense that there exist entangled states for
which ∑3i=1 |tii| ≤ 1. But for all such states one can apply suitable trace-preserving LOCC to
make them useful [6, 5, 16].
3 Results
Recall that, for a given value of a state property, the optimal states are those with the largest
maximal fidelity and zero fidelity deviation, and as explained earlier, we shall disregard the values
of the state property for which the largest maximal fidelity does not exceed the classical bound.
From the table we see that the states with detT ≥ 0 are not useful because Fρ ≤ 23 . Thus it
suffices to focus only on states with detT < 0, and for such states the maximal fidelity and the
fidelity deviation are given by
Fρ =
1
2
(
1+
1
3
3
∑
i=1
|tii|
)
, (8)
∆ρ =
1
3
√
10
√√√√ 3∑
i<j=1
(|tii| − ∣∣tjj∣∣)2 . (9)
It holds that ∆ρ = 0 iff |tii|, i = 1, 2, 3 are all equal [9]. Note that, detT < 0 implies tii 6= 0 for all
i = 1, 2, 3.
As we explained in the introduction, our analysis will be carried out for a canonical ̺. For
states with detT < 0 the canonical ̺ is given by
̺ =
1
4
(
I ⊗ I + r · σ ⊗ I + I ⊗ s · σ −
3
∑
i=1
|tii| σi ⊗ σi
)
. (10)
3.1 Optimal two-qubit states for a given linear entropy
The purity of a state can be measured by the linear entropy L, which is a linear approximation
of the von Neumann entropy. The normalized linear entropy for a two-qubit state ρ is defined as
[10, 11]
L (ρ) =
4
3
(
1− Trρ2) , (11)
which is zero for pure states and one for maximally mixed state. Since L (ρ) = L (̺), one obtains
L (̺) = 1− 1
3
3
∑
i=1
(
r2i + s
2
i + |tii|2
)
, (12)
for ̺ given by (10).
The objective is to find the optimal states for a given linear entropy L = L. The first step
therefore is to identify the states with the largest maximal fidelity. This requires us to maximize F̺
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as given by (8) for fixed L. The constrained optimization problem can be stated as
maximize
3
∑
i=1
|tii| (13)
such that 1− 1
3
3
∑
i=1
(
r2i + s
2
i + |tii|2
)
= L. (14)
One immediately notices that the states that maximize ∑3i=1 |tii| must have ri = si = 0 for all
i = 1, 2, 3. This implies the local vectors R, S associated with ρ must also be zero. Now setting
ri = si = 0 for all i = 1, 2, 3, (13) and (14) become
maximize
3
∑
i=1
|tii| (15)
such that
3
∑
i=1
|tii|2 = 3 (1−L) . (16)
This can be easily solved. First, we parameterize |tii| for i = 1, 2, 3 as
|t11| = R sin θ cos φ,
|t22| = R sin θ sin φ,
|t33| = R cos θ,
where R =
√
3 (1−L) is constant and θ ∈ (0, π2 ), φ ∈ (0, π2 ) or θ ∈ ( 3π2 , 2π), φ ∈ (π, 3π2 ). With
this parameterization the problem reduces to finding the maxima of the function
f (θ, φ) = R (sin θ cos φ+ sin θ sin φ+ cos θ)
within the acceptable ranges of θ and φ as specified before. A simple calculation shows themaxima
are obtained at two critical points: θ∗ = tan−1
√
2, φ∗ = π4 , and θ
∗ = 2π − tan−1√2, φ∗ = 5π4 and
at both of them
|tii| =
√
1−L, i = 1, 2, 3. (17)
Thus the largest maximal fidelity FL for given linear entropy L is
FL =
1
2
(
1+
√
1−L
)
. (18)
The states that achieve this maximal value have R = S = 0 and |tii| =
√
1−L, i = 1, 2, 3. Since
|tii| are all equal, the largest maximal fidelity states have zero fidelity deviation.
Now the only question remains is whether for all values of L, 0 ≤ L ≤ 1, the largest maximal
fidelity states are useful, i.e., FL > 23 . It turns out that it’s not [10]. In fact, the condition FL >
2
3
holds for 0 ≤ L < 89 . In other words, not all values of the linear entropy are permissible. Putting
everything together we can now summarize the results.
Proposition 1. For a given linear entropy L, where 0 ≤ L < 89 , the optimal two-qubit states for quantum
teleportation are those with local vectors R = S = 0 and |tii| =
√
1−L, i = 1, 2, 3.
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The Hilbert-Schmidt decomposition of an optimal state ρopt is given by
ρopt =
1
4
(
I ⊗ I +
3
∑
i,j=1
Tijσi ⊗ σj
)
, (19)
where the eigenvalues tii of T are such that |tii| =
√
1−L, i = 1, 2, 3. This is explicitly reflected in
the canonical form
̺opt =
1
4
(
I ⊗ I −
√
1−L
3
∑
i=1
σi ⊗ σi
)
. (20)
So far, our analysis has been completely general. Now we consider a state-specific question:
Given a two-qubit state ρ with linear entropy L (ρ), is ρ optimal for L (ρ) = L? The following
proposition answers this question.
Proposition 2. Let ρ be a two-qubit state of linear entropy L, where 0 ≤ L < 89 . Then Fρ = FL and
∆ρ = 0 if and only if |tii| =
√
1−L for i = 1, 2, 3.
Proof. If |tii| =
√
1−L, i = 1, 2, 3, then from (8) we get Fρ = 12
(
1+
√
1−L
)
, which is indeed the
largest maximal fidelity FL for given L, and moreover, |tii| are all equal, hence, ∆ρ = 0. On the
other hand, if Fρ = FL then from Eqns. (8) and (18) we find that
3
∑
i=1
|tii| = 3
√
1−L.
Now we impose the condition ∆ρ = 0. This implies |tii|, i = 1, 2, 3 are all equal. Then from the
above equation we get |tii| =
√
1−L, i = 1, 2, 3. This completes the proof.
3.2 Optimal Bell-nonlocal states
The violation of the Bell-CHSH inequality indicates the presence of Bell-nonlocality. Nowwhether
a two-qubit state ρ violates the Bell-CHSH inequality or not is completely determined by the func-
tion M (ρ) = maxi>j
(
t2ii + t
2
jj
)
[12].
Proposition 3. [12] A two-qubit state ρ violates the Bell-CHSH inequality if and only if M (ρ) > 1.
The function M (ρ) is related to the maximal mean value B of the Bell-CHSH observable via
the relation B = 2
√
M (ρ) [12]. Therefore, M (ρ) > 1 implies B > 2 – the condition for Bell-CHSH
violation.
For a canonical ̺with detT < 0, the eigenvalues of the T matrix are given by − |tii|, i = 1, 2, 3.
Therefore,
M (̺) = max
i>j
(
|tii|2 +
∣∣tjj∣∣2) ,
= M (ρ) .
We want to identify the optimal Bell-nonlocal states for a given value of B, say B, where B > 2.
Thus for given B, the correspondingM is fixed; let us denote this fixed value byM, whereM > 1.
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Now the relation |tii| ≥
∣∣tjj∣∣ ≥ |tkk| holds for some choice of i, j, k ∈ {1, 2, 3}, i 6= j 6= k. The
constrained optimization problem can be stated as
maximize
3
∑
i=1
|tii| (21)
such that |tii|2 +
∣∣tjj∣∣2 = M, (22)
where
{|tii| , ∣∣tjj∣∣} ≥ |tkk| for i 6= j 6= k ∈ {1, 2, 3}. Note that M does not depend on tkk. Let us
now parameterize |tii| and
∣∣tjj∣∣ by
|tii| =
√
M cos θ,∣∣tjj∣∣ = √M sin θ,
where θ ∈ (0, π2 ). Thus in order to solve our problem, first we need to maximize the function
f (θ) =
√
M (cos θ + sin θ)
for θ ∈ (0, π2 ). The above function has one critical point: θ∗ = π4 in the range (0, π2 ), and at this
point
f (θ∗) =
√
2M, (23)
which is in fact the maximum. Consequently, |tii| =
∣∣tjj∣∣ = √M2 .
So now we are left with the problem of maximizing
√
2M + |tkk|. To maximize
√
2M+ |tkk|
we can take |tkk| as large as possible provided |tkk | ≤ |tii| = |tjj|. But we have already shown
|tii| =
∣∣tjj∣∣ = √M2 . Therefore, the maximum is obtained for |tkk| =
√
M
2 .
Thus the states that maximize the maximal fidelity for given B are those with |tii| = B2√2 ,
i = 1, 2, 3. The largest maximal fidelity is given by
FB =
1
2
(
1+
B
2
√
2
)
(24)
Note here that FB > 23 for B > 2. So the largest maximal fidelity states are always useful for
quantum teleportation for all B > 2. Further, |tii|, i = 1, 2, 3 are all equal; hence, the largest
maximal fidelity states have zero fidelity deviation.
Proposition 4. The optimal two-qubit states for quantum teleportation for given B > 2 are those with
|tii| = B2√2 , i = 1, 2, 3.
The Hilbert-Schmidt decomposition of an optimal two-qubit state ρopt is given by
ρopt =
1
4
(
I ⊗ I + R · σ ⊗ I + I ⊗ S · σ +
3
∑
i,j=1
Tijσi ⊗ σj
)
, (25)
where the eigenvalues tii of T are such that |tii| = B2√2 for i = 1, 2, 3, and the canonical form can be
expressed as
̺opt =
1
4
(
I ⊗ I + r · σ ⊗ I + I ⊗ s · σ − B
2
√
2
3
∑
i=1
σi ⊗ σi
)
. (26)
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Note that, unlike the optimal states for a given linear entropy, where the local vectors need to be
zero, no particular condition is being imposed on the local vectors in this case.
Now we would like to know whether a given state ρ is optimal for quantum teleportation for
B (ρ) = B > 2. We have the following proposition.
Proposition 5. Let ρ be a two-qubit state for which the maximum mean value of the Bell-CHSH observable
is B > 2. Then Fρ = FB and ∆ρ = 0 if and only if |tii| = B2√2 for i = 1, 2, 3.
3.3 Optimal states for a given entanglement
Now we consider the problem of characterizing the optimal two-qubit states for a given concur-
rence [13]. The concurrence for a two-qubit state ρ is defined as [13]
C (ρ) = max (0, a1 − a2 − a3 − a4) , (27)
where a1 ≥ a2 ≥ a3 ≥ a4 are the square roots of the eigenvalues of the matrix ρ˜ defined as
ρ˜ = ρ (σ2 ⊗ σ2) ρ∗ (σ2 ⊗ σ2) ,
where σ2 is the Pauli bit-phase flip matrix, and ρ
∗ denotes the complex conjugation of ρ in the
computational basis. Note that, 0 ≤ C (ρ) ≤ 1.
Fact 1. A two-qubit state ρ is entangled iff C (ρ) > 0.
For a two-qubit state ρ, C (ρ) can be exactly computed if we have complete knowledge of the
state. However, C (ρ) cannot be expressed in terms of the state parameters for a generic ρ, or even
for a canonical ̺, except for some special classes of states. Thus the previous method of obtaining
the largest maximal fidelity states is no longer useful. So we take a different approach.
From the results in [17] one can easily show the maximal fidelity Fρ of a two-qubit entangled
state ρ is bounded above by
Fρ ≤ 2+ N (ρ)
3
≤ 2+ C (ρ)
3
, (28)
where N (ρ) is the entanglement negativity, defined as
N (ρ) = −2λmin
(
ρΓ
)
, (29)
where λmin is the smallest eigenvalue of the partial transposedmatrix ρ
Γ. The inequalities (28) are
saturated for certain classes of states, and for such states N (ρ) = C (ρ).
Proposition 6. The largest maximal fidelity FC achievable for a given concurrence C is
FC =
2+ C
3
. (30)
Remark. The above equation shows that FC > 23 , whenever C > 0. Thus the largest maximal
fidelity states for a given concurrence are always useful for quantum teleportation.
The following lemma, proved in [17], provides the necessary and sufficient condition for
Eq. (30) to hold.
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Lemma 1. Let ρ be a two-qubit state of concurrence C (ρ) > 0. Then Fρ = FC(ρ), where FC(ρ) is the largest
maximal fidelity achievable by all two-qubit states of concurrence equal to C (ρ), if and only if
ρΓ |Ψ〉 = λmin |Ψ〉 , (31)
where |Ψ〉 is a maximally entangled state.
Note that λmin = −C(ρ)2 when the above eigenvalue equation holds. This is because negativity
equals concurrence when the inequalities are saturated.
The implication of the above lemma can be understood as follows: For a given two-qubit
entangled state ρ, let λmin be the minimum eigenvalue (negative, of course) of ρ
Γ and |φ〉 be the
corresponding eigenvector, which may or may not be maximally entangled. Then Lemma 1 tells
us that if |φ〉 is maximally entangled, then N (ρ) = C (ρ) and Fρ = FC(ρ), and if, on the other
hand, |φ〉 is not maximally entangled, then N (ρ) < C (ρ) and Fρ < FC(ρ). In particular, when |φ〉
is maximally entangled we get two important pieces of information without explicit calculations:
first, we get to know the concurrence of the state, and second, we get to know the maximal fidelity
of the state.
So whether the equality Fρ = FC(ρ) holds or not is completely determined by the nature of the
eigenvector |φ〉. But, there is no easy way to check this without explicit calculations which may
be complicated for arbitrary states. Nevertheless, we will show that there is an efficient way, one
that invokes the canonical representation of ρ.
First we have an important lemma.
Lemma 2. Let ρ be a two-qubit state ρ of concurrence C (ρ) > 0. Then Fρ = FC(ρ) if and only if
3
∑
i=1
|tii| = 2C (ρ) + 1. (32)
The proof follows from (8) and (30). The lemma tells us that for a given two-qubit state ρ of
concurrence C (ρ) > 0, if (32) holds then Fρ = FC(ρ), and if it doesn’t then Fρ < FC(ρ).
Let us now look at an useful consequence of the above lemma.
Corollary 1. Let ρ be a two-qubit state of concurrence C (ρ) > 0 satisfying the eigenvalue equation (31).
Then
λmin = −1
4
(
3
∑
i=1
|tii| − 1
)
. (33)
Proof. Suppose a two-qubit state ρ of concurrence C (ρ) > 0 satisfies the eigenvalue equation (31).
Then Fρ = FC(ρ). From Lemma 2 we know that for such a state ∑
3
i=1 |tii| = 2C (ρ) + 1 holds, and
therefore, C (ρ) =
3
∑
i=1
|tii|−1
2 . Noting that λmin = −C(ρ)2 we get the desired expression.
We now show an efficient way to find whether the eigenvalue equation (31) is satisfied. First,
we prove that a similar eigenvalue equation holds for any other density matrix related to ρ by
some local unitary transformation, and in that eigenvalue equation, the eigenvalue remains the
same as before, but the corresponding eigenvector, although maximally entangled, is different in
general.
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Lemma 3. Let ρ be a two-qubit state of concurrence C (ρ) > 0 with the property Fρ = FC(ρ). Let ρ
′ be
another two-qubit state given by ρ′ = (U ⊗V) ρ (U† ⊗V†), where U, V are unitary operators. Then(
ρ′
)Γ ∣∣Ψ′〉 = λmin ∣∣Ψ′〉 , (34)
where |Ψ′〉 = (U ⊗VT) |Ψ〉 is a maximally entangled state.
The proof is given in the appendix.
Thus the unitary freedom in the eigenvalue equation (31), as reflected in (34), leaves open the
possibility of the existence of some useful ρ′ for which finding the eigenvector becomes an easy
task. Indeed, for a canonical ̺ the eigenvector is uniquely determined in the sense it no longer
depends on ρ.
Lemma 4. Let ̺ be the canonical form of a two-qubit state ρ of concurrence C (ρ) > 0. Then Fρ = FC(ρ) if
and only if
̺Γ
∣∣Φ+〉 = λmin ∣∣Φ+〉 , (35)
where |Φ+〉 = 1√
2
(|00〉+ |11〉) and λmin = − 14
(
3
∑
i=1
|tii| − 1
)
Proof. Let Fρ = FC(ρ). Then the eigenvalue equation (31) is satisfied, and by virtue of Corollary
1, λmin = − 14
(
∑
3
i=1 |tii| − 1
)
. Since ̺ is related to ρ through local unitary operation, Eq. (34) is
also satisfied for the same λmin but for a different maximally entangled eigenvector, say |Ψ′′〉.
Now given that C (ρ) > 0 and Fρ = FC(ρ), ρ must have the property detT < 0. Thus the canon-
ical ̺ is described by (10). In the appendix we show that, for such a canonical ̺, if ̺Γ |φ〉 =
− 14
(
∑
3
i=1 |tii| − 1
)
|φ〉, where |φ〉 is a normalized pure state, then |φ〉 = |Φ+〉. This proves the
first part of the lemma.
Now suppose the eigenvalue equation (35) is satisfied, where ̺ is the canonical form of a two-
qubit state of ρ of concurrence C (ρ) > 0. Since ρ is entangled, so is ̺, and therefore, λmin < 0. Then
according to Lemma 3 λmin is also the minimum eigenvalue of ρ
Γ with the corresponding eigen-
vector being maximally entangled, and therefore, the condition in Lemma 1 is satisfied. Hence,
Fρ = FC(ρ) and λmin = −C(ρ)2 . From Corollary 1 we now conclude that λmin = − 14
(
∑
3
i=1 |tii| − 1
)
.
This completes the proof.
Let us now find the conditions under which the eigenvalue equation (35) holds.
Lemma 5. The eigenvalue equation (35) holds if and only if r + s = 0, where r, s are the local vectors of ̺.
The proof is given in the appendix.
Lemma 5 only gives us a necessary condition the states with the largest maximal fidelity must
satisfy for any given concurrence. But Lemma 5 together with Corollary 1 provide the necessary
and sufficient conditions for the largest maximal fidelity states for any given concurrence C > 0.
Theorem 1. Let ρ be a two-qubit state. Then for a given concurrence C > 0, C (ρ) = C and Fρ = FC
provided the conditions
r + s = 0,
3
∑
i=1
|tii| = 2C + 1
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are met simultaneously, where r, s are the local vectors associated with ̺ – the canonical form of ρ.
Proof. Let ρ be a two-qubit state with tii, i = 1, 2, 3 being the eigenvalues of the T matrix and let ̺
be the canonical form of ρ with r and s being the local vectors. Assume that both equations in the
theorem are satisfied.
Given that C > 0, the second equation implies ∑3i=1 |tii| > 1. Thus ρ is entangled (and so is, ̺)
and has the property detT < 0. Therefore ̺ admits the form given by (10). Now r + s = 0 implies
that (from Lemma 5) for such a canonical ̺ the eigenvalue equation
̺Γ
∣∣Φ+〉 = −1
4
(
3
∑
i=1
|tii| − 1
) ∣∣Φ+〉
is satisfied, where the eigenvalue must be negative because
3
∑
i=1
|tii| > 1. Now the partial trans-
posed matrix of a two-qubit entangled state has exactly one negative eigenvalue. Therefore,
− 14
(
∑
3
i=1 |tii| − 1
)
is the minimum eigenvalue of ̺Γ. Then from Lemma 4 we conclude that
Fρ = FC(ρ). But we know that for any state ρ of concurrence C (ρ) if the equality Fρ = FC(ρ)
holds, then ∑3i=1 |tii| = 2C (ρ) + 1. Hence, C (ρ) = C.
It is clear that the fidelity deviation of a state with the largest maximal fidelity is nonzero in
general because to satisfy Eq. (32) the absolute values of tii, i = 1, 2, 3 need not be equal.
By definition, the optimal states for a given concurrence are the states with the largest maxi-
mal fidelity and zero fidelity deviation. Now that we have already identified the largest maximal
fidelity states for any given concurrence C > 0, we can apply the condition for zero fidelity de-
viation, which demands that |tii|, i = 1, 2, 3 are all equal. One can now use Eq. (32) to obtain
|tii| = 2C+13 , i = 1, 2, 3. Thus the canonical form of an optimal state for a fixed concurrence C > 0
is given by
̺opt =
1
4
(
I ⊗ I + r · σ ⊗ I − I ⊗ r · σ − 2C + 1
3
3
∑
i=1
σi ⊗ σi
)
, (36)
where we have used the fact that r + s = 0 and |tii| = 2C+13 for all i = 1, 2, 3.
4 Conclusions
The average fidelity [2, 4] is generally considered to be the measure of choice to characterize quan-
tum teleportation. But recently [8, 9] it has been emphasized that, in addition to the average fi-
delity, one should also take into account the fidelity deviation. The fidelity deviation, which is
defined as the standard deviation of fidelity over all input states, serves as a well-definedmeasure
of fluctuations in fidelity. For two-qubit states, the maximal average fidelity (maximal fidelity)
[2, 6] and the corresponding fidelity deviation [9] are known, where both are given by simple for-
mulas that can also be exactly computed. So for two-qubit states a comprehensive characterization
of quantum teleportation is possible.
In [9] it was pointed out that fidelity deviation can serve as a useful filter to select the optimal
states for quantum teleportation from a known set of states. In particular, for a given set of states,
where every state in the set has the same maximal fidelity, the most desirable states are those with
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zero fidelity deviation. In this paper, we applied this idea in a more general setting. Specifically,
we characterized the two-qubit optimal states – the states with the largest maximal fidelity and
zero fidelity deviation – for a given linear entropy L, themaximummean value B of the Bell-CHSH
observable, and concurrence C, respectively. The optimal states have following properties:
• The absolute values of the eigenvalues tii, i = 1, 2, 3 of the correlation matrix T are functions
of the given value of P, where P ∈ {L, B,C} and are all equal.
• The local vectors satisfy certain conditions (except, for optimal Bell-nonlocal states). In the
case of linear entropy, the local vectors must be zero, and in the case of entanglement, the
sum of the local vectors appearing in the canonical form is zero.
For our analysis, we extensively used the the canonical description of a two-qubit density ma-
trix. This greatly simplified calculations, especially in the cases of purity and Bell-nonlocality for
which we were able to find the largest maximal fidelity states by solving appropriate constrained
optimization problems. On the other hand, for a given entanglement, we had to consider a differ-
ent approach altogether for reasons explained earlier. For given purity/Bell-CHSH violation we
found that the largest maximal fidelity states also have zero fidelity deviation, and therefore, they
are optimal. On the other hand, the optimal states for a given concurrence form a strict subset of
the largest maximal fidelity states.
The results in our previous work [9] and the present one show that fidelity deviation in many
ways complement maximal fidelity, which has long been regarded as the sole figure of merit for
quantum teleportation. In fact, as our results demonstrate, we can use fidelity deviation as a
useful tool to determine the best performing resource states from a given set of states. Finally, we
hope that our results will help us to better understand quantum teleportation in situations where
physical properties of resource states are also equally important.
Acknowledgement. DD acknowledges financial support fromUniversityGrants Commission (UGC),
Government of India. SB is supported in part by SERB (Science and Engineering Research Board),
Department of Science and Technology, Government of India through Project No. EMR/2015/002373.
Appendix
Proof of Lemma 3
From the given relation
ρ′ = (U ⊗V) ρ
(
U† ⊗V†
)
one can express ρ as
ρ =
(
U† ⊗V†
)
ρ′ (U ⊗V) .
Then the eigenvalue equation
ρΓ |Ψ〉 = λmin |Ψ〉 ,
can be writtem as [(
U† ⊗V†
)
ρ′ (U ⊗V)
]Γ |Ψ〉 = λmin |Ψ〉 .
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Taking the partial transpose with respect to the second subsystem, the above equation can be
written in the form [(
U† ⊗V∗
) (
ρ′
)Γ (
U ⊗VT
)]
|Ψ〉 = λmin |Ψ〉 .
Now multiplying both sides with
(
U ⊗VT) from the left one obtains
(
ρ′
)Γ (
U ⊗VT
)
|Ψ〉 = λmin
(
U ⊗VT
)
|Ψ〉 .
Denoting |Ψ′〉 = (U ⊗VT) |Ψ〉 we arrive at (34). This completes the proof.
Proof of part of Lemma 4
Let ̺ be the canonical form of a two-qubit densitymatrix ρ of concurrence C (ρ). Since Fρ = FC , we
know that Lemma 1 is satisfied. Then according to Lemma 3 the following eigenvalue equation
holds:
̺Γ
∣∣Ψ′′〉 = −1
4
(
3
∑
i=1
|tii| − 1
) ∣∣Ψ′′〉 , (37)
where |Ψ′′〉 is a maximally entangled state and tii, i = 1, 2, 3, are the eigenvalues of T associated
with ρ. We will show that |Ψ′′〉 = |Φ+〉, where |Φ+〉 = 1√
2
(|00〉+ |11〉).
Now suppose the eigenvalue equation
̺Γ |φ〉 = −1
4
(
3
∑
i=1
|tii| − 1
)
|φ〉 (38)
is satisfied for some normalized two-qubit pure state |φ〉, where ̺ is given by (10). Then the
identity
〈
φ
∣∣∣̺Γ∣∣∣ φ〉 = 1
4
(
1−
3
∑
i=1
|tii|
)
(39)
holds. Note that while (38) implies (39) the converse in general doesn’t hold because, while the
expectation value will always produce a number, it may not be the eigenvalue.
Now any two-qubit pure state |φ〉 can be written as a linear combination of the four Bell states
|φ〉 = a1
∣∣Φ+〉+ a2 ∣∣Φ−〉+ a3 ∣∣Ψ+〉+ a4 ∣∣Ψ−〉 ,
where ai ∈ C,i = 1, . . . , 4, ∑4i=1 |ai|2 = 1, and the Bell-states are given by
∣∣Φ±〉 = 1√
2
(|00〉 ± |11〉) ,
∣∣Ψ±〉 = 1√
2
(|01〉 ± |10〉) .
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The LHS of (39) leads to
〈
φ
∣∣∣̺Γ∣∣∣ φ〉 = 1
4
+
1
4
[
〈ψ |r · σ ⊗ I|ψ〉+
〈
ψ
∣∣∣I ⊗ (s · σ)T∣∣∣ψ〉]
+
1
4
[
|t11|
(
− |a1|2 + |a2|2 − |a3|2 + |a4|2
)]
+
1
4
[
|t22|
(
− |a1|2 + |a2|2 + |a3|2 − |a4|2
)]
+
1
4
[
|t33|
(
− |a1|2 − |a2|2 + |a3|2 + |a4|2
)]
,
where we have taken the partial transposition with respect to the second qubit. Now the second
term on the right hand side is a function of r, s, so it must be equal to zero because the RHS of (39)
does not contain any term which is a function of the local vectors. So we end up with the task of
solving the following four equations
− |a1|2 + |a2|2 − |a3|2 + |a4|2 = −1
− |a1|2 + |a2|2 + |a3|2 − |a4|2 = −1
− |a1|2 − |a2|2 + |a3|2 + |a4|2 = −1
|a1|2 + |a2|2 + |a3|2 + |a4|2 = +1,
where the last equation is due to the normalization condition. The above equations can be conve-
niently expressed in the matrix form as


−1 1 −1 1
−1 1 1 −1
−1 −1 1 1
1 1 1 1




|a1|2
|a2|2
|a3|2
|a4|2

 =


−1
−1
−1
1

 .
The 4× 4 matrix on the left is invertible; hence,

|a1|2
|a2|2
|a3|2
|a4|2

 =


−1 1 −1 1
−1 1 1 −1
−1 −1 1 1
1 1 1 1


−1

−1
−1
−1
1


=
1
4


−1 −1 −1 1
1 1 −1 1
−1 1 1 1
1 −1 1 1




−1
−1
−1
1


=


1
0
0
0


Thus we have shown that |ψ〉 = |Φ+〉 (up to some irrelevant global phase).
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Proof of Lemma 5
Let us first obtain an expression for ̺Γ |Φ+〉, where ̺ is given by (10), and the partial transposition
is taken with respect to the second qubit.
̺Γ
∣∣Φ+〉 = 1
4
(
I ⊗ I + r · σ ⊗ I + I ⊗ (s · σ)T −
3
∑
i=1
|tii| σi ⊗ σTi
) ∣∣Φ+〉
=
1
4
[{
r · σ ⊗ I + I ⊗ (s · σ)T
} ∣∣Φ+〉+
(
1−
3
∑
i=1
|tii|
) ∣∣Φ+〉
]
=
1
4
[
(r1 + s1)
∣∣Ψ+〉− i (r2 + s2) ∣∣Ψ−〉+ (r3 + s3) ∣∣Φ−〉+
(
1−
3
∑
i=1
|tii|
) ∣∣Φ+〉
]
.
Therefore, if |Φ+〉 is an eigenvector of ̺Γ it holds that ri + si = 0 for all i = 1, 2, 3. Conversely,
if ri + si = 0 for all i = 1, 2, 3, it immediately follows that |Φ+〉 is the eigenvector of ̺Γ with
eigenvalue − 14
(
3
∑
i=1
|tii| − 1
)
. This completes the proof.
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